The effect of in-plane strain on the nonlinear dielectric properties of SrTiO 3 epitaxial thin films is calculated using density-functional theory within the local-density approximation. Motivated by recent experiments, the structure, zone-center phonons, and dielectric properties with and without an external electric field are evaluated for several misfit strains within ±3% of the calculated cubic lattice parameter. In these calculations, the in-plane lattice parameters are fixed, and all remaining structural parameters are permitted to relax. The presence of an external bias is treated approximately by applying a force to each ion proportional to the electric field. After obtaining zero-field ground state structures for various strains, the zone-center phonon frequencies and Born effective charges are computed, yielding the zero-field dielectric response. The dielectric response at finite electric field bias is obtained by computing the field dependence of the structure and polarization using an approximate technique. The results are compared with recent experiments and a previous phenomenological theory. The tunability is found to be strongly dependent on the in-plane lattice parameter, showing markedly different behavior for tensile and compressive strains. Our results are expected to be of use for isolating the role of strain in the tunability of real ultrathin epitaxial films.
I. INTRODUCTION
Microwave dielectric materials strongly tunable by the application of an electric bias field are increasingly important for a variety of applications in microwave electronics, including tunable capacitors and oscillators, phase shifters, and delay lines. [1] [2] [3] The dependence of dielectric constant ⑀ on bias field E is typically strongly nonlinear, and a tunability parameter n can be defined as n = ͓⑀͑0͒ − ⑀͑E͔͒ / ⑀͑0͒, where E is an operational bias field of interest. Because of the potential technological impact, considerable experimental effort has been directed toward the design, control, and optimization of highly tunable low-loss materials.
For many applications, thin-film morphologies are required, and in recent years the growth of high-quality ultrathin perovskite films with unprecedented atomic-level control has become possible, using techniques such as molecular-beam epitaxy ͑MBE͒ 4 and pulsed-laser deposition ͑PLD͒. 5 These efforts have achieved the growth of singlecrystal films of nanometer-scale thickness with a minimum of defects. Even so, the dielectric properties of these films often differ quite substantially from bulk. 6, 7 This difference is due to a number of factors, of which the strain in the film is in many cases among the most important. More specifically, the mechanical boundary conditions on a coherent epitaxial film require the in-plane lattice constant of the film to stretch ͑or contract͒ to match the lattice constant of the substrate. Both experimental and theoretical studies have found that even small epitaxial strains can appreciably influence the Curie temperature and the dielectric permittivity and tunability of BaTiO 3 , SrTiO 3 , and Ba 1−x Sr x TiO 3 ͑BST͒ thin films. [8] [9] [10] [11] Paraelectric BST at x near 0.5 is already known to possess a large dielectric response and high tunability at room temperature, associated with close proximity to the ferroelectric phase transition at about −23 K ͑Ref. 12͒. However, significantly lower loss has been reported for single-crystal SrTiO 3 ͑STO͒ thin films, 13 possibly due to the absence of compositional disorder. The ground state of STO is nonpolar but nearly ferroelectric, and thus small applied stresses would be expected to have a significant influence on the Curie temperature and associated susceptibilities. Indeed, recent experimental studies 14, 15 indicate that significant changes in Curie temperature and dielectric properties occur when STO is grown epitaxially on substrates with different lattice constants. Haeni et al. 15 report a shift of the ferroelectric ͑FE͒ transition temperature to T c Ϸ 293 K for a SrTiO 3 film of thickness 500 Å grown on ͑110͒-oriented DyScO 3 , corresponding to a biaxial tensile strain of 0.8%. Hyun and Char have fabricated epitaxial SrTiO 3 heterostructures with inplane lattice constants below as well as above the bulk SrTiO 3 lattice constant, and have measured dielectric properties depending on lattice mismatch. 14 They report a general trend of increasing out-of-plane dielectric constants and higher tunability with increasing tetragonality, i.e., with decreasing in-plane lattice constant.
One of the best-studied perovskite materials, pure STO is the subject of considerable experimental and theoretical literature. STO adopts the centrosymmetric cubic perovskite structure at room temperature, and undergoes a structural phase transition from the cubic to a tetragonal, nonpolar antiferrodistortive ͑AFD͒ phase when cooled below 105 K.
and classical Monte Carlo simulations on an effective Hamiltonian 30 have already provided valuable insight into the structural properties and temperature dependence of FE phase transitions in bulk STO. In particular, the interaction between FE and AFD instabilities in the bulk phase has been thoroughly studied from first principles by Sai and Vanderbilt. 31 Moreover, a previous phenomenological study of the effects of epitaxial strain on STO thin films by Pertsev et al., 32 based on a Landau theory fit to experimental data from bulk phases, produced a rich temperature-strain phase diagram and provided support for the idea that the oxygenoctahedron rotations have little influence on the dielectric response.
In this work, we compute the effects of the in-plane epitaxial lattice-matching constraint on the dielectric response and tunability of SrTiO 3 using first-principles densityfunctional theory within the local-density approximation ͑LDA͒. Since there is only a small change in the dielectric response of bulk SrTiO 3 as the temperature is lowered through the AFD transition temperature of 105 K, we believe it is a reasonable first approximation to adopt a theory that neglects the AFD instabilities, as we have done here. We also restrict our analysis to zero temperature, but for simplicity we neglect the quantum fluctuations. Thus, our focus will be on the ferroelectric soft mode and its coupling to strain. Despite these restrictions, the fact that we use a first-principles approach means that we do not have to rely on empirical Landau parameters as in Ref. 32 . Thus, we can confidently make predictions under conditions that vary drastically from those under which the data determining the parameters were obtained, allowing us to consider the effects of large epitaxial strains and finite electric fields.
There is one major limitation of our theory, connected with the fact that the LDA tends to underestimate lattice constants. Because compression tends to suppress ferroelectricity, this means that our LDA system is "less ferroelectric" than true STO at zero temperature. Indeed, we report below a soft-mode frequency of about 75 cm −1 and a dielectric constant of about 390 at zero temperature for unstrained STO within the LDA, whereas the experimental zero-temperature system is exquisitely close to the ferroelectric transition with soft Ӎ 10 cm −1 and ⑀ Ӎ 20 000. 26 However, raising the temperature also has the effect of suppressing the ferroelectric instability, so that the experimental system at room temperature is characterized by soft Ӎ 90 cm −1 and ⑀ Ӎ 290. Thus, fortuitously, the zero-temperature LDA system corresponds reasonably well with the real physical system at a temperature near, or a bit below, room temperature. Comparisons between these systems must obviously be approached with caution, but in fact we find good semiquantitative agreement for several of the physical properties of these two corresponding systems as will be presented below.
The manuscript is organized as follows: In Sec. II, we provide the details of our approach and approximations used, including our handling of finite electric fields. In Sec. III, we present and discuss the results of our calculations for epitaxially strained STO, with emphasis on the strain dependence of the tunability by finite electric fields. Our conclusions appear in Sec. IV.
II. METHOD

A. First-principles calculations
First-principles density-functional calculations are performed within the local-density approximation ͑LDA͒ as implemented in the PWSCF package. 34 The exchangecorrelation energy is evaluated using the Ceperley-Alder form with Perdew-Zunger parameterization. Vanderbilt ultrasoft pseudopotentials 35 are used treating 10 electrons as valence for Sr ͑4s 2 4p 6 5s 2 ͒, 12 electrons for Ti ͑3s 2 3p 6 4s 2 3d 2 ͒, and 6 for O ͑2s 2 2p 4 ͒. To achieve well-converged results for small changes in the lattice constant, the electronic wave functions are expanded in plane waves up to a kinetic energy of 50 Ry. All calculations are performed with a 6 ϫ 6 ϫ 6 Monkhorst-Pack k-point mesh. 36 To establish minimumenergy configurations we converged the Hellmann-Feynman forces acting on the atoms to less than 0.1 mRy/a.u. Density functional perturbation theory ͑DFPT͒ is then used to calculate the phonon frequencies of the structural optimized systems.
B. Structural constraints
The role of epitaxial strain on the structural properties of STO is isolated by systematically seeking the ground-state structure of five-atom unit cells of bulk STO constrained to several different in-plane lattice constants, differing from the theoretical cubic lattice constant by fractions ranging between −3% and +3% in steps of 0.5%, and allowing all atomic positions and the perpendicular lattice constant to relax fully until the energy is minimized. To locate the phase transition points, and for the electric field calculations, the in-plane lattice constant was varied in smaller steps of 0.1% in the paraelectric region. The presence of the strain necessarily lowers the symmetry of the cubic STO system to tetragonal at most; further spontaneous symmetry reduction occurs for certain ranges of lattice constant. In the remainder of this subsection, we provide specific details of each of the structures considered in this work and introduce the relevant notation.
Epitaxial strains near zero
The zero-strain paraelectric phase of SrTiO 3 has the ideal cubic Pm3m perovskite structure, in which the octahedral oxygen atoms lie at Wyckoff 3c positions ͑ ͒ , and the lone Sr cation is at 1a ͑0,0,0͒. Our calculations result in a theoretical lattice constant a of 7.285 a.u., i.e., ϳ1.1% less than the experimental value of 7.365 a.u.; this underestimate is expected when using the LDA and is consistent with several previous LDA-based studies.
For small tensile or compressive strains, the structure of STO remains centrosymmetric, but the symmetry is lowered to tetragonal ͑space group P4/mmm͒. In this "pseudocubic" phase, the cations sit at Wyckoff positions 1a ͑0,0,0͒ for Sr and 1d ͑ 
Compressive epitaxial strains
For large enough compressive epitaxial strains, the symmetry of the tetragonal phase is found to be lowered further to noncentrosymmetric P4mm. This is a ferroelectric tetragonal structure with polarization along ͓001͔. The Wyckoff positions are 1a ͑0,0,z =0͒ for Sr, 1b ͑ presence of a zone-boundary instability associated with rotation of the oxygen octahedra has been discussed for this phase in earlier work, 28 ,37 and will not be considered further here.
Tensile epitaxial strains
Above a critical value of tensile epitaxial strain, STO becomes ferroelectric and transforms to an orthorhombic Amm2 structure. This structure is noncentrosymmetric, exhibiting a nonzero polarization along ͓110͔. The Wyckoff positions associated with this phase are 2a ͑z =0,0,0͒ for Sr, 2b ͑ ͒ for oxygens. The structure is illustrated in Fig. 1 . The cell-doubling oxygen-octahedron rotation expected for this phase 32 will not be considered in the remainder of this paper.
C. Electric field
Field-induced forces
To describe the dielectric behavior of STO under finite dc bias, we must evaluate its properties in the presence of a homogeneous electric field. This turns out to be subtle; fully first-principles methods for computing the behavior of periodic systems in finite fields have only recently been developed and are still in their nascent stages. 38, 39 For STO, we resort to a simple and effective approximate technique that consists of first computing the Born effective charge tensors Z i * for each of the ions i, and then adding a term −eZ i * E to their Hellmann-Feynman forces f i , where e is the electronic charge and is defined to be positive. The structure is relaxed until the total force on each atom is close to zero, i.e., until f i =−eZ i * E. Similar approximations were discussed by Rabe 40 and then implemented and used by Sai, Rabe, and Vanderbilt; 37 this approximation was also recently used by Fu and Bellaiche. 41 To be more precise, we ideally would determine the structure of STO by minimizing, with respect to first wave functions nk and then to atomic coordinates u i , the electric enthalpy F per unit cell,
where E KS is the internal energy obtained from a Kohn-Sham functional ͑e.g., within the local-density or generalizedgradient approximation͒, 38,42 P = P ion + P el is the total ͑ionic plus electronic͒ macroscopic polarization, E is the electric field, and ⍀ is the volume of the unit cell. E KS and P are explicit functions of atomic coordinates u i and wave functions nk , with the electric field E entering into F only through multiplication of the functional P. ͑Of course, F , E KS , and P can also be regarded as implicit functions of E through the dependence of the equilibrium values of the nk upon E.͒ By a Hellmann-Feynman argument, 38 the total force acting on an ion is
where the Z i * are the Born effective charges; these also depend implicitly on E, even at fixed u i , via the nk ͑E͒.
Here, we neglect the field dependence of f i and Z i * , computing these at E = 0, so that the field enters only explicitly as the multiplier of Z i * e in Eq. ͑2͒. This is essentially the approximation introduced in Ref. 37 . Although we are able to compute the nonlinear behavior of the structural and dielectric properties insofar as they arise via field-induced lattice displacements, we neglect purely electronic nonlinearities. Thus, the results are rigorously correct only to first order in the field. 37 
Modeling in a reduced subspace
In practice, we find that a straightforward minimization of F using the forces of Eq. ͑2͒ leads to numerical instabilities when the system is close to a second-order phase transition. This problem arises because the energy surface has a very shallow minimum ͑or competing minima and saddle points͒ and the Hessian matrix becomes poorly conditioned. These numerical difficulties can be solved by identifying a subspace that spans, to a good approximation, the space of fieldinduced structural distortions, and then parameterizing the energy in this subspace. This modeling also helps us better understand the nonlinear effects of the field on the structure and dielectric properties.
To identify the relevant subspace, we begin by finding the pattern of atomic displacements produced by an infinitesimal electric field; it is obtained by multiplying the inverse of the force constant matrix ij,␣␤ with the forces
In this work we will consider electric fields applied exclusively along the ẑ direction, perpendicular to the substrate assuming an ͑001͒ film, so the sum over ␤ above is reduced to a single term. We focus our attention in this part of the work on two structures ͑P4/mmm and Amm2͒; for these ͑as well as for P4mm, which we will not consider further͒ the symmetry is such that the forces and displacements are also only along ẑ. Thus, Cartesian indices are dropped for the remainder of this subsection, with all quantities referring implicitly to ẑ components only. Once these displacements u i have been found, an expression for the electric enthalpy F͑E͒ is obtained as follows. We gather the u i into a n-dimensional vector normalized to unity. ͑Here n is the number of atoms in the unit cell; n =5 for STO.͒ For each misfit strain, defines the subspace of possible field-induced displacements. The field dependence of the structure and polarization obtained in this model are then that obtained by relaxing the ions and minimizing the electric enthalpy subject to the constraint that the atomic displacements lie along . This should be a very good approximation for small displacements considered here.
After constructing , we express the electric enthalpy in terms of the scalar amplitude u. Keeping terms only to fourth order, we obtain
͑4͒
Here Z i * is the mode effective charge given below in Eq. ͑9͒, computed at zero field and for the zero-field structural parameters. For each misfit strain, the amplitude u was varied up to 0.03c in steps of 0.002c ͑where c is the lattice constant perpendicular to the implied substrate͒ to obtain the expansion coefficients b and d in Eq. ͑4͒. 43 The electric field corresponding to a given u is then extracted from the equilibrium condition
This leads to
Thus, having computed the quantities P , E, and F on a mesh of u values, we obtain parametric relations between these quantities that can be plotted to reveal the dielectric behavior of interest in a numerically stable way.
D. Dielectric response and tunability
The dielectric function in the frequency range of the optical phonons can be written as the sum of electronic and phonon contributions, that is,
In most insulating perovskite oxides ͑ferroelectrics and related materials͒, the electronic contribution is rather small ͑⑀ ϱ ϳ 5͒ and constant, and the static dielectric constant ⑀ 0 = ⑀͑0͒ is typically in the range of 20-100, so the phonon contribution is expected to dominate. In this work, we restrict our focus to the static dielectric response and its tunability; we calculate and analyze the phonon contribution, neglecting ⑀ ϱ . For the remainder of the paper, we drop the superscripts and use the generic term dielectric response, even though we only compute the phonon contribution.
Thus, in what follows, the dielectric constant ⑀ has the meaning of ⑀ ph ͑0͒. At zero bias, the zero-frequency phonon response is calculated in a straightforward manner using density functional perturbation theory ͑DFPT͒ to obtain the zone-center IRactive phonon modes and their frequencies, and using the Berry-phase theory of polarization 44 to compute Born effective charges by finite differences. To evaluate the static response in an applied field, and thus the tunability, we use the subspace approach presented in Sec. II C 2 above, which greatly simplifies our treatment while retaining a high degree of accuracy. In the following, both methods are described in detail.
Zero dc bias
In the absence of an electric field, the lattice contribution to the static dielectric permittivity tensor ⑀ 0 can be written
which includes a contribution from each of the zone-center polar modes m. Here, ⍀ is the volume of the primitive unit cell, M 0 is a reference mass taken as 1 amu, and Z m␣ * is the mode effective charge,
where ê m ͑i␥͒ is a dynamical matrix eigenvector. The corresponding real-space eigendisplacement of atom i along ␥ is given by û m ͑i␥͒ = ê m ͑i␥͒ / ͱ M i . The Born effective charge Z ␣␥ * ͑i͒ is given by
In practice, we evaluate the effective charges by finite differences, computing the change in polarization ⌬P induced by several small mode amplitudes ⌬u i␥ via the Berry-phase approach using a 6 ϫ 6 ϫ 20 k-point mesh.
Nonzero dc bias
To calculate the lattice contribution to the static dielectric constant in an applied electric field, we use the subspace approach presented in Sec. II C 2. The field-induced change in the structure is specified by a single parameter u, which determines the atomic displacements through the normalized displacement vector . We express the lattice contribution to the dielectric susceptibility in terms of the change in polarization induced by an applied electric field,
The expression ⑀ =1+4͑E͒ is used to convert susceptibility to dielectric constant. In practice, the derivative du / dE is calculated numerically once E͑u͒ is determined from Eq. ͑6͒.
For strains close to the phase boundary, the zero-field dielectric constant computed in this manner is identical, by construction, to that obtained in Sec.II D 1 using DFPT to obtain phonon frequencies and eigenvectors, and the Berry-phase calculations to obtain Born effective charges. Furthermore, for strains where the parameter b was fit to energies for finite u, as described in Sec.II C 2, the zero-field dielectric constant is in excellent agreement with the DFPT results. To obtain the tunability, we compute the dielectric response for an appropriate range of values of E͑u͒. Note that the dielectric constants calculated here are obtained at constant strain, both in-plane and out-of-plane. The fact that we do not relax the out-of-plane strain ͑equilibrium c / a͒ with changing electric field is an additional approximation of our theory. However, because the system is paraelectric, the errors introduced by this approximation should be small, vanishing at zero bias and appearing only linearly as the electric bias field is increased, with a constant of proportionality that is related to the electrostriction constant evaluated at zero field. Thus, this approximation essentially corresponds to the neglect of electrostriction effects, which we expect to be small.
III. RESULTS AND DISCUSSION
A. Response to epitaxial strain
Structural properties
As described in Sec.II B, we first find the minimumenergy structure of SrTiO 3 for values of the misfit strain between −3% and +3%. For compressive strains larger than 0.75%, the lowest-energy structure is ferroelectric tetragonal P4mm, with polarization along ͓001͔. At −0.75%, there is a continuous transition to the nonpolar tetragonal P4/mmm phase. At +0.54%, there is another continuous transition to the ferroelectric orthorhombic Amm2 structure, with polarization along ͓110͔. Figure 2 shows the polarization along ͓001͔ and ͓110͔ directions. The polarization increases dramatically with strain, and for large strains above 2% ͑tensile or compressive͒, the magnitude of the polarization becomes comparable to that of bulk BaTiO 3 , a prototypical ferroelectric. This suggests that by simply choosing the appropriate substrate, the polarization of thin ferroelectric STO films, when under short-circuit electrical boundary conditions, could be tuned to a wide range of values.
In Fig. 3 we show the c / a ratio as a function of misfit strain. For tensile ͑positive͒ misfit strains, c / a drops almost linearly as the magnitude of the misfit strain increases and is largely unaffected by the development of the in-plane ferroelectric instability at the transition to the Amm2 phase. For compressive epitaxial strains, in contrast, a noticeable nonlinearity emerges when approaching the transition to the P4mm phase; this may be indicative of the mounting structural frustration that is eventually relieved by the occurrence of the transition. Once the phase boundary has been crossed, the onset and growth of the c-axis polarization in the P4mm phase further increases the c / a ratio, and c / a once again becomes very nearly linear with misfit strain in the strongly compressive regime. Also shown in Fig. 3 are some measurements of Hyun and Char 14 at 77 K that, while noisy, show a trend that is roughly consistent with the theory, as will be discussed further in Sec. III B 2.
It is of interest to compare our misfit phase diagram with that of Pertsev et al. 32, 33 The latter is obtained by expressing the free energy as a function of misfit strain, temperature, polarization, and several additional order parameters corresponding to the linear oxygen displacements that account for possible rotations of the oxygen octahedra. The parameters in this Landau-theory expression are obtained phenomenologically. Relative to the Landau theory, our results should generally become more accurate for higher strain states, since the extrapolation from the empirical fits performed at zero strain can be expected to become less reliable there.
Regarding the nature of the polarization in the sequence of phases at zero temperature, the present first-principles results are in very good agreement with the Landau analysis. There are several detailed differences, however. First, our window of strains over which the system remains paraelectric ͑between −0.75% and +0.54%͒ is noticeably wider than that previously obtained ͑between −0.2 and −0.02% in Refs. 32 and 33͒. Our overestimate of the stability of the paraelectric phase can largely be attributed to the LDA. Specifically, since our zero-temperature calculations within the LDA result in a slightly smaller lattice constant than experiment, and since the smaller volume stabilizes the paraelectric phase, our description of the bulk system yields a more stable paraelectric phase, as our underestimate of the bulk static dielectric constant attests ͑calculated ϳ400 compared to the ϳ2 ϫ 10 4 observed experimentally͒. In addition, octahedral rotations, not included in our analysis, might also alter the critical strain corresponding to the FE phase transitions in this region.
Another difference between the present work and Refs. 32,33 is the prediction in the latter of a low-temperature ͓100͔-polarized ferroelectric phase under in a narrow window of tensile strain. Our results are consistent with only a single phase in this strain regime, with a polarization along ͓110͔. Their polar ͓100͔-oriented orthorhombic phase might be stabilized by the rotations not included here, but since it occurs only in a very small strain region, we did not investigate it further. For larger tensile strains, Pertsev et al. 33 predicted a phase where the polarization is directed along ͓110͔ ͑like ours͒, with an octahedral rotation around the same axis.
Dielectric properties
In this section, we compute the misfit strain dependence of the lattice contribution to the dielectric response ⑀ in zero electric field; finite electric fields will be considered in the next section. First, we discuss separately the zone-center phonons and the Born effective charges that together determine ⑀ according to Eq. ͑8͒.
The zone-center phonons of each phase are calculated at each misfit strain using density-functional perturbation theory. The lowest-frequency ͑softest͒ polar modes dominate the dielectric response, and we show the frequencies of the softest in-plane and out-of-plane transverse zone-center optical phonons as a function of misfit strain in Fig. 4 . Their behavior reflects the phase transition sequence discussed in the previous section. By symmetry, these modes are degenerate at zero misfit strain. However, the lowest-frequency ͑or soft͒ mode polarized along ͓001͔ softens to zero as the misfit strain approaches the critical value of −0.75%, signaling the second-order transition from the paraelectric P4/mmm to the ͓001͔-polarized P4mm structure. Similarly, the lowestfrequency in-plane soft mode softens to zero at +0.54% misfit strain, marking the second-order transition from P4/mmm to Amm2, which has its FE polarization along the ͓110͔ direction. As can be seen in the figure, the in-plane soft mode is only weakly affected at the P4/mmm-P4mm transition, while the out-of-plane soft mode shows a significant hardening in the Amm2 phase. The hardening is produced by coupling to the in-plane polarization that develops in the Amm2 phase. If the polarization is suppressed by keeping the atoms on their centrosymmetric positions, the mode evolves smoothly with increase of the in-plane lattice constant through the phase boundary, as is shown by the open circles in Fig. 4 .
We now examine the Born effective charge tensors Z i * as a function of misfit strain. In Fig. 5 we present, for brevity, only the Z 11 * and Z 33 * components of the tensors, where "1" and "3" refer to the ͓100͔ and ͓001͔ directions, respectively. While the Born effective charge tensors are not diagonal in the Cartesian frame in the Amm2 phase ͑whose principal axes, by symmetry, are along ͓110͔, ͓110͔, and ͓001͔͒, the computed off-diagonal components ͑not shown͒ are found to be quite small. In what follows, O 1 ,O 2 , and O 3 refer to the oxygen atoms forming Ti-O chains in the x , ŷ, and ẑ directions, respectively. Figure 5 shows that in the paraelectric region, the Born effective charges are very close to the values for the cubic structure, 7.25 for Z 33 * ͑Ti͒ and −5.69 for Z 33 * ͑O 3 ͒. As is well known, the fact that these are anomalous ͑in the sense of exceeding the nominal valence͒ arises from the hybridization of Ti and O orbitals in the Ti-O 3 chains and is quite sensitive to polar distortions of the chain. 45 Thus, in the ferroelectric phases, we expect a significant misfit strain dependence of the Born effective charges for these atoms. The effective charge of Ti, Z 33 * ͑Ti͒, drops by almost 16% in the ferroelectric region for compressive strain, with a corresponding increase of Z 33 * ͑O 3 ͒. In comparison, Z * ͑Sr͒ is rather insensitive to misfit strain over the whole region, showing a weak trend towards lower values with increasing misfit strain.
In the tensile-strain-induced Amm2 ferroelectric phase, the orthorhombic symmetry ͑see Fig. 1͒ implies that
In the range of strains shown, Z 11 * ͑O 1 ͒ shows a continuous increase of 18%, while the Z 11 * for O 2 and O 3 split slightly. The charge neutrality sum rule for the Z * is maintained by a corresponding decrease for Z 11 * ͑Ti͒. In Fig. 6 , we show the lattice contribution to the static dielectric response in zero electric field over the full range of computed misfit strains. The softening to zero frequency of the relevant phonons at the second-order phase boundaries produces divergences in the dielectric response near the critical strains. These transitions show nearly perfect inversepower-law behavior, except at the points closest to the phase transitions where the low eigenfrequencies lead to numerical inaccuracies. Throughout the paraelectric phase, both ⑀ 11 and ⑀ 33 are well over 100. The abrupt drop of ⑀ 33 in the tensilestrain region is related to the hardening of the lowestfrequency phonon polarized along ͓001͔ shown in Fig. 4 . The comparison with the experimental data of Hyun and Char 14 will be discussed further in Sec. III B 2.
B. Response to electric field
Application of a finite electric field to epitaxially strained STO leads to changes in the structure and dielectric response that depend on misfit strain. In particular, the sensitivity to applied field is expected to be largest near the phase boundaries discussed above. In this section, we focus our attention on the strain regime corresponding to the zero-field paraelectric phase, with particular interest in the behavior as the transition to the P4mm phase is approached. This regime is most relevant to practical applications, as the ferroelectric state, its associated hysteresis, and the presence of ferroelectric domains are generally undesirable for tunable device applications. We also consider electric fields only along the ͓001͔ direction, in which case all displacements also occur only along ͓001͔.
To briefly recap our approach as presented in Sec. II C 2, we parametrize the electric field dependence of the atomic displacements up to fourth order. Combined with a linearized form of the functional dependence of the polarization on atomic displacement, this allows us to express the lattice contribution to the dielectric susceptibility in terms of the change in atomic displacements with electric field. We first discuss the displacements induced by the applied electric field, and then, in the following subsection, the resulting lattice contribution to the static dielectric response.
Structural properties
Using the approximate treatment of electric fields described in Sec. II C 1, we calculate the misfit-strain dependence of the displacement response to a small electric field. The resulting displacements, defined relative to the Sr atom, are then normalized to give the vector reported in Table I for selected misfit strains. The O displacements in an electric field are relatively insensitive to misfit strain, while the Ti displacement in an electric field grows with in-plane compressive strain, reflecting the fact that in-plane compression, which is accompanied by a substantial expansion of the c lattice constant ͑see Fig. 3͒ , leads to an opening of the oxygen octahedron in the z-direction and compression in the xy plane. The negative sign of the displacements of O atoms in a positive electric field results from the negative signs of their Born effective charges, while Ti is expected to exhibit a positive displacement since its Born effective charge is larger than that of Sr.
For the larger compressive strains in Table I , we find that our field-induced displacement vectors ͓Eq. ͑3͔͒ are very similar to the atomic displacement patterns of the ͓001͔-polarized soft mode at zero electric field. For example, the normalized atomic displacements of our computed normalized soft-mode eigenvector at −0.7% ͑near the critical misfit strain of −0.75%͒ are ͑Ti, O 3 ,O 1 ͒ = ͑0.0910, −0.5103, −0.6081͒, almost identical to the displacement vector at the same misfit strain. This shows that close to the phase boundary the structural response to an electric field is almost entirely dominated by the soft mode.
Dielectric properties and tunability
We now investigate the electric-field dependence of the lattice contribution to the dielectric response along the ͓001͔ direction as the in-plane compressive strain approaches the phase boundary with the P4mm phase. The results are shown in Fig. 7 . As the magnitude of the misfit strain approaches the critical value of −0.75%, the dielectric response at low electric fields grows substantially.
We now gain further insight into our calculations through a quantitative comparison with experiment. The curves in Fig. 7 resemble Lorentzians, and this is expected from a phenomenological analysis, as follows. 46 Within the LandauDevonshire formalism, the ferroelectric phase transition can be described by a free-energy functional F expanded about the paraelectric phase in even powers of the polarization P, i.e.,
F͑P,T͒
The coefficients depend on misfit strain and temperature; A is generally assumed to have the strongest dependence, while the variation of B and higher order coefficients is small or even negligible. Keeping only terms in F to fourth order, the electric field is then given by
and the dielectric susceptibility by
In the present discussion, the system is in the paraelectric phase ͑A Ͼ 0͒ so that these relations uniquely determine functions P͑E͒ and ͑E͒. From Eqs. ͑13͒ and ͑14͒, it is easy to see that in this fourth-order approximation we expect → constant for P → 0, while ϰ E −2/3 at large P. A useful approximate interpolation formula is then
͑15͒
as has been used previously in the literature. 47, 48 Making the approximation ⑀ ӷ 1 so that ⑀ Ӎ 4, we can write
A detailed analysis shows that E 0 ϰ ⑀ 0 −3/2 , where the constant of proportionality is determined by B, independent of A. That is, ⑀͑0͒ 3/2 E 0 is not expected to depend strongly on proximity to the ferroelectric phase transition, and thus is expected to vary only slowly with temperature and misfit strain, and to be only weakly affected by the LDA latticeconstant error. Fuchs et al. 48 used Eq. ͑16͒ to fit their experimentally-measured ⑀-vs-E data at 200 K, and they observe dielectric constants between 1480 and 5270; they find values of ⑀͑0͒ Table II. Hyun and Char 14 have grown SrTiO 3 on different substrates to investigate the influence of epitaxial strain on the tunability of SrTiO 3 . For four samples, they report measurements at 77 K of in-plane lattice constants, c / a ratios, and dielectric constants, as summarized in Table III . There is good agreement between measured and calculated c / a ratios for the values of misfit strain observed in Ref. 14, as shown in Fig. 3 . For three of the samples, the dielectric constant increases with compressive misfit strain in the paraelectric phase, in agreement with our calculations. The first sample is an exception: we expect it to exhibit a higher tunability, given its strain state. This discrepancy can be attributed to the poorer quality of samples grown on LaAlO 3 .
14 Comparing our zero-temperature calculations in Table III with the measured value of 690 for the −0.1536% sample, and an additional computation of 319 for strain = + 0.2% with the measured value of 400 for the +0.2305% sample ͑see Table  III͒ , we find surprisingly good agreement. This may be partly due to slight shifts in the experimental phase boundaries owing to finite temperature; because of our underestimate of lattice constants, our paraelectric phase is overstabilized, mimicking the effect of temperature and shifting the calculated phase boundary towards more compressive misfit strains.
Unlike the first three samples listed in Table III , which we expect to be paraelectric based on their in-plane lattice constants, the fourth sample should already be in the orthorhombic, tensile FE region, according to our calculations and to the phase diagram of Pertsev et al. For this reason, we did not include this experimental data point in Fig. 8 . We should like to note, however, that the trends in the dependence of c / a and ⑀͑0͒ on in-plane strain in Table III do not seem consistent regarding this last data point. As the strain changes from +0.23% to +0.72%, the measured c / a and ⑀͑0͒ remain almost identical. The behavior of c / a, for example, seems inconsistent with the roughly linear dependence of c / a on misfit strain predicted in our Fig. 3 , suggesting that more thorough checks of the experimental behavior in the region of strong tensile strain may be called for.
Finally, we have calculated the strain dependence of the tunability parameter in the paraelectric phase for two different values of the bias field, E =10 V/m and E =25 V/m, with results shown in Fig. 8 . Although a direct comparison is not possible because the theoretical and experimental conditions are rather different, the measurements of Hyun and Char for E =10 V/m are also shown. These results are closer to our calculated tunability for E =25 V/m than the one for E =10 V/m, consistent with the fact that our LDAcomputed zero-temperature system is further from its ferroelectric transition ͑as indicated, e.g., by the smaller zero-field dielectric constant͒ than for the experimental system at 77 K, and therefore less tunable. Nevertheless, our results do tend to confirm that a substantial variation in the tunability can be attained by growing STO on substrates having different lattice constants.
IV. SUMMARY
In this work, we examined the effects of in-plane biaxial strain and an applied electric field on SrTiO 3 using firstprinciples density-functional theory within the local-density approximation. We computed the tunability of STO, and found this quantity to be highly sensitive to epitaxial strain. We also find that the dielectric constant itself varies significantly with strain, and for sufficiently large compressive strains, STO can be made ferroelectric with a polarization similar to that of bulk BaTiO 3 . Our results are in good agreement with available experiments.
Our studies complement and extend previous theoretical work on STO films using a phenomenological Landau theory. Our parameter-free description provides structural parameters and phonon frequencies that can be compared with future experiments; in addition, we observe significant differences between our zero-temperature phase diagram and that obtained using Landau theories fit to empirical data.
These results should be useful for the analysis of ultrathin epitaxial films and superlattice structures involving STO. In the latter, high strain states, achieved through layering, can result in novel artificial materials with enhanced properties over those of their bulk constituents, as was recently predicted for BaTiO 3 / SrTiO 3 superlattices. 49 For coherent epitaxial systems more complex than STO and at finite temperatures, it seems clear that epitaxial strain will generally be a crucial factor in determining properties. In particular, we expect our results for STO to be a useful guide in understanding the strain dependence of more complex ferroelectric thin films with high tunability, such as BST.
